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(Received 13 August 2010; accepted 3 November 2010; published online 16 December 2010)

We consider the hydrogenic atom in a space of the form R3 × M, where M may
be a generalized manifold obeying certain properties. We separate the solution to the
governing time-independent Schrödinger equation into a component over R3 and a
component over M. Upon obtaining a solution to the relevant eigenvalue problems,
we recover both the wave functions and energy spectrum for the hydrogenic atom
over R3 × M. We consider some specific examples of M, including the fairly simple
D-dimensional torus T D and the more complicated Kähler conifold K in order to
illustrate the method. In the examples considered, we see that the corrections to
the standard energy spectrum for the hydrogen atom due to the addition of higher
dimensions scale as a constant times 1/L 2 , where L denotes the size of the additional
dimensions. Thus, under the assumption of small compact extra dimensions, even the
C 2010 American
first energy corrections to the standard spectrum will be quite large. 
Institute of Physics. [doi:10.1063/1.3520507]

I. INTRODUCTION

Since the time that Gunnar Nordström introduced an extra spatial dimension into his theory of
gravitation in 1914,1 simultaneously describing gravity and electromagnetism (albeit, incorrectly)
while also serving as an instigator of the Kaluza–Klein theory,2 scientists have postulated the need
for, and, influence of, additional spatial dimensions in models of the physical world. Indeed, since
its inception as a dual resonance model describing strongly interacting hadrons as “strings,” string
theory in particular serves as an example of one field in theoretical physics for which the application
of additional dimensions has been fruitful. While there has been a spate of recent activity concerning
extra dimensions, relatively little literature exists regarding atoms in higher spatial dimensions than
three, particularly in the case in which the extra dimensions are compact; such is the motivation of
the present work. We should mention that some results for the higher-dimensional Kepler problem
do exist; see, e.g., Mladenov and Tsanov.3
In the present paper, we shall consider a hydrogenic atom over a space of the form R3 × M,
where M is taken to be (in the most general setting) a generalized manifold. We solve the timeindependent Schrödinger equation over such a space via separation of variables, which results in
two eigenvalue problems, one corresponding to R3 and one corresponding to M. Assuming that
such a solution exists to the eigenvalue problem over M, in Sec. II we present a general method by
which one may obtain the wave function and energy spectrum for a hydrogenic atom over R3 × M.
Then, in Sec. III, we apply these methods to obtain the wave functions and energy spectrum for
the hydrogenic atom over R3 × M, for specific examples of M. In particular, we consider the
D-dimensional torus T D as an example of a fairly simple manifold, along with a Kähler conifold K
which serves as an example of a more complicated space. In the examples corresponding to compact
extra dimensions, we see that the corrections to the standard energy spectrum for the hydrogen atom
due to the higher dimensions scales as 1/L 2 , where L denotes the size of the additional dimensions,
and we comment on this more in Sec. IV, where we apply a general result from the analysis on
a) Electronic mail: rav@knights.ucf.edu.
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manifolds to arrive at a lower bound on the magnitude of the energy corrections due to the compact
extra dimensions. It is clear, then, that under the assumption of “small” compact extra dimensions,
even the first energy corrections to the standard spectrum will be quite large. Indeed, if there are
compact extra dimensions, they must have been sufficiently small to have escaped experimental
verification thus far. In obtaining the results of Secs. II–III, we needed to make an assumption
on the coulomb potential so as to apply separation of variables, and in Sec. V we discuss how
reasonable this assumption may be. Finally, in Sec. VI, we discuss the extension of the method
to more complicated atoms, giving the Helium atom over R3 × M as an example. Computational
difficulties and simplifying approximations are discussed.
II. GENERAL SOLUTION METHOD FOR THE HYDROGENIC ATOM IN R3 × M

We set out to obtain some fairly general expressions for the wave function and energy spectrum
governing a hydrogenic atom over the space R3 × M. In order to find the wave function  and
associated energy spectrum E for the hydrogenic atom in higher dimensions than three, we consider
the eigenvalue problem (a time-independent Schrödinger equation)
Ĥ = E, where

Ĥ = −

2
 + U,
2μ

(2.1)

over R3 × M, where Ĥ is an elliptic operator,  is the Laplacian over R3 × M, U is the potential
energy (we will, in general, assume a potential U = U (r ) for mathematical simplicity), and M is a
generalized manifold over which we may perform separation of variables so that  = R3 + M
with R3 and M denoting Laplacians over R3 and M, respectively. (More accurately, M denotes
the Laplace–Beltrami operator over M.) Then, assuming a separable solution to (2.1) of the form
 = 1 2 , where 1 : R3 → C and 2 : M → C, we have that  = 2 R3 1 + 1 M 2 ,
which allows us to write (2.1) as a system of coupled linear eigenvalue problems, to wit:
−

2
R3 1 + (U − E − M ) 1 = 0,
2μ

(2.2)

2
M 2 + M 2 = 0,
2μ

(2.3)

−

where the spectrum M for 2 is obtained by the solution of the latter problem (2.3) over M and
then placed into (2.2) in order to obtain 1 and hence the full wave function, . In principle, M
provides us with the corrections to the standard energy spectra, E N (for a hydrogen atom in R3 ),
that are needed due to the assumption of extra dimensions which enter due to M. Naturally, the
spectrum M will depend strongly on the choice of M. For now, we shall keep M arbitrary and
assume that a nontrivial solution 2 to the eigenvalue problem (2.3) exists and admits nontrivial
spectrum {(M )k }k∈K (where K is an index set). We then solve (2.2) subject to such an assumption
and obtain both the wave function and energy spectrum for a hydrogenic atom, in terms of 2 and
the spectrum M . Later, in Sec. III, we fix M so that we may obtain explicit expressions for the
wave function 2 and spectrum M in some interesting cases.
Under such assumptions, (2.2) becomes
−

2
R3 1 + (U − E − (M )k ) 1 = 0.
2μ

(2.4)

Assuming that 1 separates as (1 )l (r,θ,φ) = R(r )Yl (θ,φ), where R(r ) is the radial component and
Yl (θ,φ) is a spherical harmonic (here, the index  runs as  ∈ N). Taking the Laplacian R3 to
spherical coordinates, (2.4) results in the coupled eigenvalue problems



dR
2
2 1 d
r2
+ r 2 (U − E − (M )k ) = − λ,
(2.5)
−
2μ R dr
dr
2μ
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2
∂Y
1
∂ 2Y
=
−
sin θ
+
λ,
∂θ
Y sin2 θ ∂φ 2
2μ

(2.6)

where λ is a constant. It is well known that a solution Y (θ,φ) to (2.6) results in eigenvalues
λ = ( + 1) (the square of the angular momentum) where  ∈ N. Then, placing this expression
into (2.5), we obtain the radial equation




2 1 d
dR
r2
− ( + 1) + r 2 (U − E − (M )k ) = 0.
−
(2.7)
2μ R dr
dr
Setting U to the Coulomb potential (that is, U = U (r ) = −Z e2 /r ), defining constants a = ( +
1), b = −2μZ e2 /2 , ck = −(2μ/2 )(E + (M )k ), and making the transformation of dependent
variable R(r ) = r −1 S(r ), the radial equation (2.7) becomes


a + br + ck r 2
d2 S
−
S = 0.
(2.8)
dr 2
r2
The general solution S(r ) to (2.8) may be given in terms of Whittaker M and W functions4 as


√
b
1
S(r ) = C1 M − √ ,
1 + 4a , 2 ck r
2 ck 2


√
b
1
1 + 4a , 2 ck r ,
(2.9)
+ C2 W − √ ,
2 ck 2
where C1 and C2 are constants of integration. As we desire only those solutions that are regular at
r = 0, we take C2 = 0. Putting S(r ) in terms of the generalized Laguerre polynomials, we have that
√
√
(−1)2+1 (2 ck r ) e− ck r 2+1 √
 q 
(2.10)
,k (r,θ,φ,w) =
L q (2 ck r )Y (θ,φ)2,k (w),
q! 2+1
where w ∈ M and q =  −

√b .
2 ck

Now, as we require 1 ∈ L 2 (R3 ), the quantization condition

 + 1 + 2√bck = −m r , where m r ∈ N is referred to as the radial quantum number, must hold
(and hence q = 2 + 1 + m r ∈ N ∗ ). Then, defining N = m r + , we have that the condition
2
−(2μ/2 )(E + (M )k ) = ck = 4(Nb+1)2 holds and, in fact, yields the “closed-form” expression for
the energy spectrum for the hydrogenic atom over R3 × M, viz.,
E = E N ,k = −

μ(Z e2 )2
− (M )k .
22 (N + 1)2

(2.11)

Clearly, for (M )0 = 0, E N ,0 from (2.11) gives the standard energy spectrum for the hydrogen atom
over R3 . Thus, the term (M )k appears as a “correction” to the standard energy spectrum, to account
for the additional dimensions inherent in the model due to the assumption of an underlying space of
the form R3 × M. For precision, note that the indices in the above formulas run as  ∈ N, m r ∈ N
and hence N ∈ N.
III. EXAMPLES OF WAVE FUNCTIONS AND ENERGY SPECTRA FOR SOME
SPECIFIC M

In order to better illustrate the physical relevance of the results contained in the previous section,
we consider both examples and a nonexample of possible spaces R3 × M over which one may wish
to consider a hydrogenic atom. After presenting the various physical difficulties inherent in assuming
that the underlying space might take the form R D for D ≥ 4 (and hence that the extra dimensions, if
any, are “large”), we present two cases in which the extra dimensions M may be “small”. The first
of these cases, the D-dimensional torus T D , is provided as a simple compact manifold over which
we may perform the computations outlined in the general method of the preceeding section. We
then consider a more complicated space by assuming that the extra dimensions are due to a Kähler
conifold K. In each of these examples, we find that the corrections to the standard energy spectrum
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for the hydrogen atom due to the assumption of additional dimensions scale as the inverse of the
square of the size of the extra compact dimensions. In particular, even the first nontrivial level for
such corrections is found to be quite large (the lower bound on such a correction is on the order
of 1018 eV; in reality this might even be much larger), which might explain why the influence of
compact extra dimensions have eluded experimental verification.
A. The case of RD , D ≥ 4

In the literature, several authors5 have considered a hydrogenic atom on R D for D ≥ 4, and
even further generalizations to other atoms6 have taken place over R D . Typically, the wave function
is assumed to take the form = R(r )Y (θ1 ,θ2 , . . . ,θ D−1 ), where Y is a hyperspherical harmonic and
R(r ) is the radial function. Under such an assumption, the radius r is free to run over all of R D , as
opposed to only R3 ; that is, r behaves as a hyperradius. As such, this should necessitate a change
in Maxwell’s equations to account for the added D − 3 “large” dimensions over which r may span.
As a result, some authors have considered the modified Coulomb potential U (r ) = −Z e2 /r D−2 for
D ≥ 3 and U (r ) = Z e2 log r for D = 2 (see, for instance, Refs. 7 and 8). Assuming such a potential,
the wave equation and energy spectrum for the hydrogenic atom over R2 has been determined.8
Unfortunately, for D ≥ 4, such an assumption on the potential U (r ) results in problems.9 For D = 4,
the assumption of such a potential results in an overdetermined system for the energy spectrum which
admits no nontrivial solutions. Furthermore, in the case of D ≥ 5, the assumption of a potential of
this form results in a radial equation with an irregular singular point at r = 0. Physically, such a
potential results in unstable orbits for such a hydrogenic atom whenever D ≥ 5.
With such difficulties in mind, most authors to consider a hydrogenic atom over R D when
D ≥ 4 keep the standard Coulomb potential U (r ) = −Z e2 /r (Ref. 10), and obtain a wave function
of the form
(r,θ1 ,θ2 , . . . ,θ D−1 ) = C N , (2αr ) e1−αr F1 (−n r ,2 + D − 1,2αr )Y (θ1 ,θ2 , . . . ,θ D−1 ),
(3.1)
√
where α = −2μE/, −n r =  + 12 (D − 1) − (μZ e2 )/(α2 ),  ∈ N, n r ∈ N, N = n r +  ∈ N,
1 F1 denotes Kummer’s confluent hypergeometric function (of the first kind), and C N , is a constant
of normalization defined by
C N , =

(2α) D (N +  + D − 2)!
1
.
(2 + D − 2)! (2N + D − 1)(N − )!

The energy spectrum is then given by
EN = 

E0
N + 12 (D − 1)

2 ,

where

E0 = −

μ(Z e2 )2
.
22

(3.2)

Note that a shift in the energy spectrum due to the assumption of an underlying space of the
form R D , D ≥ 4, is clearly incompatable with experimental observations; if such “large” extra
dimensions of the form R D−3 were present, they would have been noticed long ago! With this in
mind, we should seek models of the hydrogenic atom in which the underlying space has fairly small
extra dimensions.
B. The case of M = T D

We now consider the hydrogenic atom over R3 × T D for D ≥ 1, where T D denotes the Ddimensional torus. The choice of a D-dimensional torus is one of the simpler possibilities for M,
and will thus make for an illustrative example.
Let w ∈ T D . Then, 2 = (w) is the component of the wave function to be solved over the torus,
and in particular 2 satisfies (2.3) where we denote M = T D . Now, T D = S 1 × S 1 × · · · × S 1 ,
the Cartesian product of D 1-spheres (circles) S 1 . To each of these copies of S 1 , we associate a
component w j , 1 ≤ j ≤ D, of the vector w as well as an arclength L j , 1 ≤ j ≤ D. Without loss of
generality, L 1 ≤ L 2 ≤ · · · ≤ L D . Defining the constant vector L = (L 1 ,L 2 , . . . ,L D ), it is clear that
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2 (w) must satisfy the condition 2 (0) = 2 (L) on T D , where 0 denotes the zero vector. With such
a condition in mind, we assume a solution to (2.3) of the form
⎛
⎞
D
n
w
j
j
⎠,
2,n (w) = Cn exp ⎝−2πi
(3.3)
L
j
j=1
where n = (n 1 ,n 2 , . . . ,n D ) ∈ N D is an index vector. Placing this expression back into (2.3), we
obtain the spectrum

D 
nj 2
2π 2
(T D )n =
.
(3.4)
μ j=1 L j
Upon setting 2 = 2,n (w) from (3.3) and M = T D from (3.4) in (2.10), we have the wave
function for the hydrogenic atom over R3 × T D . The energy spectrum for this wave function
follows from (2.11) and (3.4), and is given by

D 
nj 2
μ(Z e2 )2
2π 2
−
.
(3.5)
E = E N ,n = − 2
2 (N + 1)2
μ j=1 L j
Converting this expression to standard units, we have that
E N ,n = −



13.6 eV
− 1.514 × 10−18 eV · m2
2
(N + 1)

D

j=1



nj
Lj

2
.

(3.6)

The mode corresponding to the lowest magnitude first correction due to additional dimensions is
given by
E N ,(0,...,0,1) = −

13.6 eV
1.514 × 10−18 eV · m2
−
.
(N + 1)2
L 2D

(3.7)

In order to be in agreement with experimentation any additional spatial dimensions should be
“small”. Assuming a relatively “large” value of L D , say on the order of that which might be detected
by the large hadron collider (LHC) of CERN, say L D = 10−18 m2 , we have that the first correction
to the standard energy spectrum for the hydrogen atom is of the order of magnitude 1018 eV. We
note that this is a low estimate for the first correction.
C. The case of M = K, a Kähler conifold

As our final specific example, we take M = K, where K is a Kähler conifold,12 to demonstrate
the method for a more complicated space which has found much application in mathematical
physics.13 Likely one of the most famous examples of a Kähler manifold are the Calabi–Yau
manifolds, which are sometimes defined as compact Kähler manifolds whose canonical bundle is
trivial (see, e.g., Ref. 14), although an abundance of equivalent definitions exist. We find that many
of the statements about the magnitude of the corrections to the energy spectrum made above in
the case of the hydrogenic atom over R3 × T D translate over to this more complicated case quite
nicely. We remark that Refs. 15 and 16 consider the quantum oscillator and Coulomb systems over
Kähler conifolds K entirely (see also Ref. 17), while our results correspond to the hydrogenic atom
over R3 × K, a cartesian product of a Kähler conifold with R3 . The results below thus employ the
results in Ref. 15, so we shall freely skip steps in the derivation, and the initiated reader is referred
to Ref. 15 for more complete derivations. In particular, the existence of a solution to the wave
equation (2.3) given a space M = K (a Kähler conifold) follows from the existence of a solution
to problem outlined in Eqs. (4)–(5) of Ref. 15.
We shall consider the (ν, ) parameteric family for four-dimensional Kähler conifolds K; nonsingular special cases include the complex projective space CP2 (when ν = = 1) and its noncompact
counterpart, the four-dimensional Lobacewski space L2 (when ν = − = 1). In general, the Kähler
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structure is defined by the potential Q =
corresponding metric on K is given by
ga b̄

r02
2

log (1 + (w w̄)ν ) for ν > 0 and

= ±1, so that the



νr02 (w w̄)ν−1
1 + ν + (w w̄)ν a b
δa b̄ −
=
w̄ w ,
2 (1 + (w w̄)ν )
w w̄ (1 + (w w̄)ν )

while the scalar curvature is given by
4
κ=− 2
νr0



ν − 1 − (2ν + 1)(w w̄)ν
w w̄


.

Then, the Laplacian in (2.3) becomes K = g a b̄ ∂a ∂b̄ , where ∂a = ∂/∂wa and ∂ā = ∂/∂wā . As
mentioned in Ref. 15, such an equation (2.3) with the given Laplacian is exactly solvable over K.
That is to say, one may obtain the spectrum (K )k for (2.3) and then construct a complete basis of
wave functions for the problem.
Taking w ∈ K into the coordinates w = (x,θ1 , θ2 , θ3 ), where θ1 ∈ [0, 2π ), θ2 ∈ [0, π ], θ3 ∈
[0,4π ), and either x ∈ [0,∞) when = 1 or x ∈ [0,1] when = −1,15 assume a wave function
2 : K → R of the form
j
(θ1 , θ2 , θ3 ),
2 (w) = ρ(x)Dm,s

(3.8)

j
denotes the Wigner function,18, 19 J and m denote the orbital and azimuthal quantum
where Dm,s
numbers, respectively, and s is the eigenvalue of the operator Jˆ0 2 = s2 , Ĵ2 2 = j( j + 1)2 ,
Jˆ3 2 = m2 , where m, s = − j, − j + 1, . . . , j − 1, j for j = 0, 12 ,1, . . .. The volume element is
then

d V(4) =

ν 2 r04
x3
sin θ2 d x dθ1 dθ2 dθ3 .
32 (1 + x 2 )3

Then, placing (3.8) into (2.3), we find that ρ(x) is the solution to the radial equation


4μr02 E
δ2
d 2 ρ(x) 3 + x 2 1 dρ(x)
4ν j( j + 1)+4(1 − ν)s 2
+
−
ρ(x) = 0,
+
−
dx2
1 + x2 x dx
2 (1 + x 2 )2
ν 2 x 2 (1 + x 2 )
1 + x2
(3.9)
where δ = 2s/ν. Making the chance of variable x = tan φ for = 1 and x = tanh φ for = −1, we
obtain the regular radial part of the 2 component of the wave function, which reads
ρ(φ) = Cn, j,s sin j1 −1 (φ) cosδ (φ) 2 F1 (−n,n + δ + j1 + 1; j1 + 1; sin2 (φ))
for

= 1 and
ρ(φ) = Cn, j,s sinh j1 −1 (φ) cosh2n−δ (φ) 2 F1 (−n,−n + δ; j1 + 1; tanh2 (φ))

for

(3.10)

(3.11)

= −1, where 2 F1 denotes Gauss’ hypergeometric function,20 j1 is defined by
j12 =

4 j( j + 1)
+ 1 − (ν − 1)δ 2 ,
ν

and n is the radial number, where n = 0,1, . . . ,∞ for = 1 or n = 0,1, . . . ,n max = [δ/2 − j − 1]
for = −1. The normalization constants Cn, j,s are defined by the relation
ν 2 r04 π 2 n! 2 ( j1 + 1)
Cn, j,s = n, j,s ( ),
4(2 j + 1)(n + j1 + 1)
where
n, j,s (1) =

(2n+ j1 +1 + δ)(n + j1 +1 + δ)
(n + 1 + δ)

and

n, j,s (−1) =

(δ − 2n − j1 − 1)(δ − n)
.
(δ − n − j1 )

We thus have a solution 2 for the component of the wave function over the Kähler conifold with
parameters ν > 0 and = ±1. Placing this back into (2.10), we obtain the wave function l,k for
the hydrogenic atom over R3 × K, where k = (n, j,s) is an index vector.
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With such a wave function l,k , the spectrum for (2.3) is found to be
(K )k =

2
k , where
4μr02

k = (2n + j1 + δ + 1)2 − 4.

(3.12)

Then, the associated energy spectrum for the hydrogenic atom over R3 × K is given by placing
(3.12) into (2.11). We obtain
E = E N ,k = −

μ(Z e2 )2
2
−
k ,
22 (N + 1)2
4μr02

(3.13)

or, in standard units,
E = E N ,k

13.6 eV
=−
−
(N + 1)2



6.024 × 10−20 eV · m2
r02


k .

For sake of example, let us consider the mode corresponding to k = (0, 0, 1); that is,


13.6 eV
2.410 × 10−19 eV · m2
E N ,(0,0,1) = −
((1 + )2 − 1).
−
(N + 1)2
r02

(3.14)

(3.15)

As in the case of the torus, let us assume a relatively “large” value for r0 , say r0 = 5.0 × 10−19 m.
We then have from (3.15) that the correction for E N ,(0,0,1) due to the assumption of extra dimensions
of the form K is of the order 1018 to 1019 eV, depending on the choice of = ±1.
Extensions of the present results to higher-dimensional Kähler conifolds are more or less
straightforward, with the introduction of additional independent variables in the Wigner function
term. For such higher-dimensional cases, the qualitative results (e.g., the form of the wave function
and the obtained energy spectrum) would be comparable to the results presented in the case of a
four-dimensional Kähler conifold.
One can comment here that the most appropriate candidates in the setting of the paper are
manifolds from the Cartan list of symmetric spaces, as their spectra are well understood (cf.
Ref. 21).

IV. COMMENTS ON THE FIRST NONTRIVIAL ENERGY STATE DUE TO SMALL EXTRA
DIMENSIONS

As was illustrated by specific examples in the previous two subsections, the first nontrivial
correction to the standard energy spectra due to the small extra dimensions is rather large (on the
order of 1018 to 1019 eV for the examples considered). For certain manifolds M, more general
results are possible.
Let λ1 denote the first nontrivial eigenvalue of the Laplace equation on a manifold M (0 =
λ0 < λ1 ≤ λ2 ≤ · · ·). Li and Yau22 proved that if M is a closed Riemannian manifold whose Ricci
π
curvature is nonnegative, then λ1 ≥ 2(diam(M))
2 , where diam(M) is the diameter of M. (This was
achieved via a gradient estimate on the first eigenfunction.) Later, Yang and Zhong23 improved
π
this estimate by showing that (under the same conditions on M) λ1 ≥ (diam(M))
2 . This in turn was
24
extended by Yang, who found that if for some constant β ≥ 0, Ric(X,X ) ≥ (dim(M) − 1)β ≥ 0
for all X ∈ T (M), then
λ1 ≥

π
(dim(M) − 1)
β+
.
4
(diam(M))2

Translating this result of Yang24 back into our notation, we have that


π 2
π
2 (dim(M) − 1)
≥
β+
(M )1 ≥
.
2μ
4
(diam(M))2
2μ(diam(M))2

(4.1)

(4.2)
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Hence, assuming that M at least a closed Riemannian manifold whose Ricci curvature is nonnegative,
the first nontrivial energy state (of the form 2.11) due to the small extra dimensions satisfies
μ(Z e2 )2
π 2
−
.
(4.3)
2
2
2 (N + 1)
2μ(diam(M))2
In keeping with the order of magnitude estimates employed in the previous section, let us take
diam(M) ∼ 10−19 m. Then,
E N ,1 ≤ −

E N ,1 ≤ −1019 eV.

(4.4)

Indeed, if the extra dimensions are even smaller, then this magnitude of the first correction will
be quite a bit larger (by two orders of magnitude, for each single order of magnitude decrease in
the value diam(M)). Thus, the first corrections will be at quite a high energy level, of the order of
1 EeV (one extra electron volt; i.e., one quintillion electron volts). This allows for the impact of
the extra dimensions to go unnoticed in the typical energy spectrum for the hydrogen atom. It is
interesting to note that, due to the Greisen–Zatsepin-Kuzmin limit (GZK limit) (a theoretical upper
limit on the energy of cosmic rays from distant sources; see Ref. 11), we may very well be able
to account for why we do not observe such large energies in transitions of energy levels between
states corresponding to different values of n ∈ N D . (Any such correlation between the GZK limit
and energy states for higher-dimensional atoms is, of course, speculative.)
V. COMMENTS ON THE ASSUMPTION OF A POTENTIAL U = U (r )

In the proceeding analysis, we have always assumed (where needed) that the potential in the
Schrödinger equation (2.1) U = U (r ); i.e., that the potential depends only on the radial coordinate
in R3 . Such an assumption permits the separation of variables given by (2.2)–(2.3). While this is
certainly a crude approximation to reality, the approximation is likely not very bad (assuming that the
extra dimensions are sufficiently small). Suppose instead that U depends on the distance ||χ || where
χ ∈ R3 × M. If M is a small compact manifold, we may embed it within some Vδ ∈ R2dim(M) for
some δ > diam(M), where ||x1 − x2 || < δ for all x1 ,x2 ∈ Vδ . Thus, within R3+2dim(M) , note that
(for x(χ ) ∈ Vδ )
||χ || ≤ ||(r,θ,φ,x(χ ))|| ≤ r + ||x(χ )|| ≤ r + δ.

(5.1)

|U (r ) − U (||χ ||)| ≤ |U (r ) − U (r + δ)|.

(5.2)

Then,

For small δ > 0, this upper bound becomes small (assuming well-behaved potential U ). For instance,
when we consider the Coulomb potential U = U (r ) = −Z e2 /r , we find that
|U (r ) − U (||χ ||)| ≤ Z e2

δ
,
(r + δ)r

(5.3)

which, for finite r > 0, tends to zero as δ → 0. Hence, for small extra dimension, we may pick δ > 0
so that the difference between U (r ) and U (||χ ||) is negligible. Thus, the assumption U = U (r ) does
not effect the qualitative results obtained.
VI. EXTENSION OF THE RESULTS TO MORE COMPLICATED ATOMIC STRUCTURES

Exactly solving the coupled Schrödinger equations is not (in general) possible for the more
complicated atoms (as such problems are really “many-body” problems), even for atoms over R3 ,
so we often resort to numerical methods. That said, in the case of simpler atoms, such as the Helium
atom, perturbation techniques can be used to obtain approximate solutions. For such atoms, the
results are qualitatively similar to those for the hydrogenic atom presented in the previous sections,
provided we assume U (||x||) ≈ U (r ). We now demonstrate this with the Helium-like atom over
R3 × M.

122104-9

The hydrogenic atom in R3 × M

J. Math. Phys. 51, 122104 (2010)

Let x1 , x2 ∈ R3 × M be distinct, and write x1 = (r1 , θ1 , φ1 , w1 ), x2 = (r2 , θ2 , φ2 , w2 ), where
w1 ,w2 ∈ M. The Schrödinger equation for the Helium-like atom is


e2
H1 + H2 +
 = E,
(6.1)
x12
where
Hi = −

2
x − U (||xi ||),
2μ i

x12 = ||x1 − x2 ||.

(6.2)

Here  is the Laplacian over R3 × M, U is the potential energy (we will, in general, assume a
potential U = U (||xi ||) ≈ U (r )), and M is a generalized manifold over which we may perform
separation of variables so that  = R3 + M with R3 and M denoting Laplacians over R3 and
M, respectively. For small extra dimensions, we may always find δ > 0 such that D(M) < δ. Then,
for small δ > 0, we have
1
1
.
≈
x12
|r1 − r2 |

(6.3)

Thus, in the approximation we consider the coupling will be in the radial variable in R3 , alone. Let
us assume a wave function of the form
(x1 ,x2 ) = R(r1 ,r2 )Y [1] (θ1 ,φ1 )Y [2] (θ2 ,φ2 )W [1] (w1 )W [2] (w2 ).

(6.4)

Plugging this into (6.1), we find that



 

1 ∂
1 (1 + 1) 2 (2 + 1)
2 1 ∂
2∂R
2∂R
r
+
r
−
R
−
+
2μ r12 ∂r1 1 ∂r1
r22 ∂r2 2 ∂r2
r12
r22

− Z e2
∂
1
sin(θi ) ∂θi

1
1
+
r1 r2


sin(θi )

∂Y [i]
∂θi
−


+ ((M )k1 + (M )k2 + E) R +

+

1
sin2 (θi )

e2
R = 0,
|r1 − r2 |

∂ 2 Y [i]
+ i (i + 1)Y [i] = 0, (i = 1, 2),
∂φi2

2
Mi W [i] + (M )ki W [i] = 0,
2μ

(i = 1, 2).

(6.5)

(6.6)

(6.7)

From here, much of the analysis is similar to that presented in Sec. II for the Hydrogen-like atom,
and we do not repeat the elementary steps. The primary difference here is that the radial equation is a
partial differential equation which does not separate (due to the coupling term 1/|r1 − r2 |), and this
shall be the focus of our discussion. At this juncture, there are two possibilities: One may either (i)
attempt to directly solve the linear PDE (6.5) exactly or (ii) apply a simplifying assumption so that
Eq. (6.5) decouples in r1 and r2 . While the PDE (6.5) can be solved numerically for suitable boundary
conditions, solving the linear PDE exactly is very difficult due to the coupling term 1/|r1 − r2 |, which
rules out possibility (i) (as we seek to obtain the general spectrum, rather than numerical results for
fixed parameters). As we are interested in general, yet approximate order-of-magnitude-type results
(recall that we have already made a strong assumption on the form of the potential U ), approximate
r2 ,
solutions arising from reasonable assumptions will be acceptable. In the regime where r1


1
1
1
1
≈ ,
=
|r1 − r2 |
r1 1 − rr21
r1
which permits separation of variables for (6.5). We find that
 


G1
constant
G1 − G3
1 √
1 
R(r1 ,r2 ) =
, 2 + , 2 G 2 − σ r2 ,
M − √
, 1 + , 2 σ r1 M − √
r1 r2
2
2
2 σ
G2 − σ
(6.8)

122104-10

Robert Ashton Van Gorder

J. Math. Phys. 51, 122104 (2010)

where the constants G i are defined as

2μZ e2
2μ 
, G 2 = − 2 (M )k1 + (M )k2 + E
2


while σ represents the spectrum of constants due to separation of variables. The constants σ may be
determined by the regularity of the first factor at the origin, and we obtain the constants
 
(Z − 1)2 e4 2μ
.
σ N1 =
4(N1 + 1)2 2
G1 = Z G3 = −

Then, due to the desired regularity of the second factor at the origin, the energy spectrum will take
the form


μe4 (Z − 1)2
Z2
∗
∗
E N1 ,N2 ,k1 ,k2 = −E N1 ,N2 − (M )k1 − (M )k2 , E N1 ,N2 = 2
+
.
(6.9)
2
(N1 + 1)2
(N2 + 1)
r1 regime we swap
Note that (6.5) is symmetric (relabelling the ri ’s effects nothing), so in the r2
r1 and r2 in 6.8.
Such results as (6.8) and (6.9) capture the asymptotic behavior of the solutions, and so we
are then left to consider the regimes in which r1 and r2 are sufficiently close. Motivated by the
δ-expansion method of Bender et al.,25 let us replace the coupling term 1/|r1 − r2 | with 1/|r1 − r2 |δ .
We shall construct a perturbation solution in δ of the form
R(r1 , r2 ; δ) = R0 (r1 , r2 ) + R1 (r1 , r2 )δ + O(δ 2 ),

(6.10)

which gives the order zero and one equations as



 

2 1 ∂
1 ∂
1 (1 + 1) 2 (2 + 1)
2 ∂ R0
2 ∂ R0
−
r
+ 2
r
−
R0
+
2μ r12 ∂r1 1 ∂r1
r2 ∂r2 2 ∂r2
r12
r22

(6.5) − Z e2
and
−

2
2μ

1
1
+
r1 r2





+ (M )k1 + (M )k2 + E R0 + e2 R0 = 0,

(6.11)




 

1 ∂
1 (1 + 1) 2 (2 + 1)
1 ∂
2 ∂ R1
2 ∂ R1
r
+
r
−
R1
+
r12 ∂r1 1 ∂r1
r22 ∂r2 2 ∂r2
r12
r22


(6.5) − Z e

2

1
1
+
r1 r2





+ (M )k1 + (M )k2 + E R1 + e2 R1 = ln |r1 − r2 |R0 ,
(6.12)

respectively, where we have used the fact
1
1
= 1 − ln |r1 − r2 |δ + (ln |r1 − r2 |)2 δ 2 + O(δ 3 ).
δ
|r1 − r2 |
2
The latter of the two equations highlights the fact that we have a logarithmic singularity as
r1 → r2 . Note that the equation governing R0 is separable in r1 and r2 , and we obtain R0 (r1 , r2 )
= R0[1] (r1 )R0[2] (r2 ). Meanwhile, the equation for R1 is not separable, due to the appearance of the inhomogeneous term containing the factor ln |r1 − r2 |. One can obtain a Fourier-serieslike expression
for R1 , with base functions of the type Whittaker M and W , with summation of the basis functions of
index N1 , N2 , k1 , and k2 . Such an expression is complicated to even write, and we omit the details of
this. As it turns out, the order zero perturbation will provide the order-of-magnitude-type estimates
we desire (far enough away from r1 = r2 ). For this perturbation expansion, we see that the energy
states E N1 ,N2 ,k1 ,k2 will still take the form (6.9), the only difference will be in the explicit value of
E N1 ,N2 (the contribution from R3 ). Thus, in summary, the shift in energy states for the Helium atom
which occur due to the assumption of additional small dimensions will be similar in nature to those
which occurs for the hydrogen atom as demonstrated earlier in this paper.
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VII. CONCLUSIONS

We have given consideration to a hydrogenic atom over a space of the form R3 × M, where
M may be a generalized manifold obeying certain properties. Upon separating the solution to the
governing time-independent Schrödinger equation into a component over R3 and a component over
M, we are able to recover both the wave functions and energy spectrum for the hydrogenic atom
over R3 × M in a general setting. We proceed to discuss why the case in which the underlying
space is of the form R D for D ≥ 4 is not physically reasonable. We then consider an example of a
relatively simple manifold structure by setting M = T D , the D-dimensional torus. From here, we
set M = K, where K denotes a Kähler conifold. We present the basis of wave functions, along with
the resulting energy spectrum, for the hydrogenic atom in each case. It is found that the assumption
of compact extra dimensions results in additive corrections to the standard energy spectrum for
the hydrogen atom over R3 . Furthermore, such corrections are expected to be quite large, as the
corrections scale as 1/L 2 , where L denotes the size of the additional dimensions. Thus, under the
assumption of relatively small compact extra dimensions, even the first corrections accounting for
these extra dimensions to the standard energy spectrum will be quite large.
This area appears ripe for future research. We consider one fairly simple example, along with a
more realistic (and, hence, complicated) example for M. In the future, the corresponding results for
more exotic generalized manifolds M might be considered. Indeed, for any such compact structures,
we expect the same general behavior of the energy spectrum: That is to say, we expect that any
corrections to the standard energy spectrum for hydrogen will be of relatively large magnitude,
assuming that the extra dimensions (if any) are small. Furthermore, one might consider extending
the present results to other atoms. While such endeavors should prove computationally challenging,
we posit that it should be quite possible to obtain the energy spectrum for such atoms, at least
numerically, for a number of specific choices for M.
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